Ž . An analytical expression of the electron density function r due to Schwartz for two-electron atomic systems is applied to a detailed study of density-dependent properties of relatively heavy two-electron ions. Comparison of the Schwartz results with those from accurate Hartree᎐Fock and Hylleraas wave functions shows that despite its simple yet analytical form, the Schwartz density has a quantitative applicability in the density study of two-electron atoms within the nonrelativistic framework.
Introduction w x n 1959, Schwartz derived 1 an analytical exIpressi on of the electron density function for two-electron atoms using the perturbation theory. The density precisely takes into account the electron correlation effect to first order in 1rZ perturbation theory, where Z is the nuclear charge. After w x about 20 years, March and Pucci realized 2, 3 the formal usefulness of the Schwartz expression in the study of the exact asymptotic form of *To whom correspondence should be addressed.
the nonrelativistic electron density function in a large Z.
In the present work, we report that the Schwartz density is quantitatively useful in the study of density-dependent properties of two-electron atoms, with the accuracy being increased with increasing Z. Quantitative reliability of the Schwartz density is confirmed by comparison of its numerical results with those obtained from an Ž . accurate Roothaan᎐Hartree᎐Fock RHF calculation and from 10-, 20-, and 40-term Hylleraas calculations for selected Z values. The properties ² a : ² a : examined are radial r and logarithmic r ln r expectation values, the average electron density ² : ² : , and the information entropy S s y ln , which are measurable in electron-or X-ray scatterw x ing experiment 4, 5 except the last. The electron Ž . density 0 at the nucleus and the cusp property Ž . Ž . Ј 0 r 0 are also examined. High accuracy of the Schwartz density function for a large Z suggests that the function provides a convenient and reliable density basis for the structural understanding of heavy and very heavy heliumlike ions at the nonrelativistic level. In the last few years, there is an increasing interest in the spectroscopic investigation of these ions from both w x theoretical and experimental points of view 6᎐9 , but the details of their electronic structures are not sufficiently known, except the energies from both the nonrelativistic and relativistic computations.
In the next section, some physical properties are derived analytically and explicitly from the Schwartz electron density for an arbitrary heliumlike ion with nuclear charge Z. The third section presents a numerical comparison of the aforementioned quantities obtained with Schwartz, RHF, and Hylleraas calculations and demonstrates the quantitative accuracy of the Schwartz density. Summary of the present study follows in the last section.
Physics from Schwartz Electron Density
Treating the electron᎐electron correlation 1rr 12 as a perturbation in the total Hamiltonian of the w x He-like system, Schwartz 1 was able to obtain the following analytical expression for the normalizedto-unity electron density: 
Ž .
We should immediately say that expression 3 gets simplified for integer values of a G y1 since w x then the following relations may be applied 10 :
where the summations on the right-hand sides should be understood as zero for a s y1. 
Particular instances are: In a similar but slightly more cumbersome man-² : ² : ner, one can evaluate the quantities and ln . We only mention that in the limit of large Z the values are
in the leading order of Z; these values may be Ž easily obtained by means of the asymptotic large . w x r and Z form 2 of the Schwartz density.
Numerical Results
Here we present and discuss the numerical values of the radial and logarithmic expectation val- Five different sets of atomic data were used for comparison: Schwartz electron density given by Ž . Eq. 1 , an RHF wave function with four Slater-type basis functions having variationally optimum exponents and principal quantum numbers, 10-, 20-, and 40-term Hylleraas wave functions with optimum exponent and partially optimized combination of constituent terms. The above RHF and Hylleraas wave functions were newly constructed for the present study. We verified that the present RHF total and orbital energies coincide with the numerical Hartree᎐Fock ones obtained by MCHF72 w x code 12 .
² a : ² a : Ž . The present results for r , r ln r , 0 , Ž . w Ž .x ² : ² : Ј 0 r Z 0 , ln , and are summarized in Tables I᎐IV, respectively, for the ions Zn . Except for the case of Schwartz density, also added there are the total energy E, the orbital energy ⑀ , and the virial ratio VrT for reference. We have the following observations in Tables I᎐IV:
1. The Hylleraas total energies almost converge at 40 terms to the given decimal places, and the properties obtained from the 40-term functions are regarded as ''near exact'' in this study. The convergence is faster with increasing Z. The correlation energy calculated from the 40-term Hylleraas and RHF results is nearly independent of Z, and hence its relative significance in the total energy is only y4 Ž 90q . 5.5 = 10 % for Z s 92 U . The virial theorem is completely fulfilled in all cases, lending support that our variational parameters were sufficiently optimized. ² a : Total energy E, orbital energy ⑀ , the electron density at the nucleus 0 , radial and logarithmic expectation values r and ² a : ( ) ² : r ln r with a from y2 to +4, the information entropy sign reversed , and the average electron density . The electron density Ž .
r is normalized to unity and atomic units are used everywhere. ² a : Total energy E, orbital energy ⑀ , the electron density at the nucleus 0 , radial and logarithmic expectation values r and ² a : ( ) ² : r ln r with a from y2 to +4, the information entropy sign reversed , and the average electron density . The electron density Ž .
r is normalized to unity and atomic units are used everywhere.
Ž .

The RHF 0 values differ from the corre-
sponding Hylleraas values by an order of magnitude, indicating that the electron correlation has a nontrivial effect to local properties even for a large Z. However, Schwartz Ž . and Hylleraas 0 values are very close and, in spite of its simplicity, the Schwartz density is seen to include the correlation effect in a successful manner. It is remarkable that the Kato cusp condition is well satisfied in all the cases. i.e., Zs30 to 92 , the value of the entropy decreases by a factor 1.5. This quantifies the fact that the electron density of the U 90q ion is much less spread than the Zn 28q , what is physically expected from stronger electron binding in the uranium ion than in the zinc ion. This is also corroborated by the ² y1 : monotonic growth with Z of the r value, which is also a measure of the electronnucleus binding.
The value of the average electron density
² : Ž which may be experimentally determined by the measure of the orientation averaged intensity of elastic scattering with xw x. rays 5 increases monotonically with the nuclear charge. Going from Zn 28q to U 90q , ² : the value changes by a factor 30. This is again a manifestation of the stronger binding in the uranium ion; one should recall that Tal ² a : Total energy E, orbital energy ⑀ , the electron density at the nucleus 0 , radial and logarithmic expectation values r and ² a : ( ) ² : r ln r with a from y2 to +4, the information entropy sign reversed , and the average electron density . The electron density Ž .
w x and Levy 13 found for neutral atoms that ² :
< <
1.38
f 0.2 E in a semiempirical manner.
² : ² :
The values of and ln with the leading w Z-term approximation to the Schwartz density Eq. Ž .x 6 differ from the exact ones by less than 4% for all the systems considered. This small difference decreases very rapidly with increasing nuclear charge. It happens that the asymptotic values of ² : ² : Ž . and ln given by Eqs. 6 are themselves upper bounds to these quantities. In the uranium case these values differ from the exact ones in less than 1%; moreover, the asymptotic value given by Ž . Ž . 6 is practically within 0.13% the exact entropy.
Summary
We have reported accurate values of various density-dependent properties for the selected heavy two-electron ions Zn ² a : Total energy E, orbital energy ⑀ , the electron density at the nucleus 0 , radial and logarithmic expectation values r and ² a : ( ) ² : r ln r with a from y2 to +4, the information entropy sign reversed , and the average electron density . The electron density Ž .
